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Abstract 
In this paper the dynamic analysis of rod structures was considered. The influence of axial force on vibration was taken into account. 
The analysis was carried out in strict and approximate manner. The new qualitative matrix, in which occurs the coupling of the 
parameters including the conservative axial force uniform along the length of the rod and the parameter describing dynamic 
properties of the rod was used. Considerations have been carried out taking into account the impact of non-dilatational strain. 
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1. Introduction 
The paper considers the problem of estimating vibration frequencies of rod structures in depend of axial forces. 
The strict and approximate analysis was conducted. The dynamic stiffness matrix of compressed rod taking into 
account the influence of shear deformation [1,2,3] was introduced. After expanding in a power series of this matrix a 
qualitatively new matrix, which does not occur in a finite-element approach, was obtained. In the new matrix the 
coupling of the non-dimensional parameters V  and O occurs, which describe the conservative axial force uniform 
along the length of the rod and vibration frequencies. The examples show influence of the new matrix on the 
calculation application in the finite element method.  
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2. Theory and formulation 
The subject of discussion is the beam element of initial length l with four degrees of freedom (without axial 
deformability) shown in Fig. 1. In physical and numerical modeling adopted the beam is made of an isotropic 
homogenous linear elastic material with the Young’s modulus E, the shear modulus G, and the Poisson’s ratio X, the 
transverse cross-section of the beam is doubly symmetric with respect to the area A the moment of inertia I, and the 
shear coefficient N the beam is prismatic and has uniform mass P per unit length and the beam affected by the axial 
force S. In the analysis the effects of transverse shear deformation (Timoshenko beam theory) are taken into account. 
It means that the cross-section initially normal to the neutral axis of the beam remains plane, but no longer normal to 
that axis in bending. The slope of the deflection curve  twI ,~ [  depends on the rotation of the beam cross-section,  t,~ [M , and additionally, on the average shear deformation angle  t,~ [\N : 
     tttwI ,~,~,~ [\N[M[  ,   (1) 
where [ is the nondimensional coordinate defined as lx [ . The influence of rotatory inertia was not taken into 
account in considerations. 
Fig. 1. Beam element (a), actual configuration (b), small element of the beam (c) 
For beam element shown in Fig. 1a we can define the vector of degrees of freedom and the vector of nodal forces:  
^ `4321)( qqqqtee   qq ,  ^ `4321)( QQQQtee   QQ .  (2) 
Using finite element method the function of deflection ),(~ tw [  and the function of average shear deformation ),(~ t[\  
are approximated by 
   ttttw eew qNqN   )(),(~,)(),(~ [[\[[ \ ,  (3) 
where  
         > @[Y[U[Y[U[ jjiiw ll N  and          > @[J[G[J[G[\ jjii ll N ,  (4) 
are the matrices of shape function. As a result of approximation (3) we can properly determine the elastic energy, 
external force potential and kinetic energy as  
,
2
1 eeeT
IU qKq   ,2
1 ee
G
eTeeT
F SU qKqQq    eeeTT qMq 2
1 , (5) 
where  
w
x dx
2
2
t
wdxA
T
M
T+ T dxx
M + dxMx
q1
q
2
q
4
x
w
21
b) c)
x
q3
w
w
x
dxa)
x dx
ll
326   Marek Iwański and Paulina Obara /  Procedia Engineering  111 ( 2015 )  324 – 330 
»¼
º¸¸¹
·
¨¨©
§ 
««¬
ª
¸¸¹
·
¨¨©
§  ³³ []N[[N[[N[ \\\\ dldd
d
l
d
d
d
d
l
d
d
l
EJ Tw
TT
we NN
NNNNK
1
0
22
2
21
0
2
2
3 , (6) 
[[[ dd
d
d
d
l
w
T
we
G
NNK ³ 1
0
1 ,  (7) 
[P dl Te wwNNM ³ 1
0
,  (8) 
are: element linear stiffness matrix (6), element stability matrix (7) and element mass matrix (8). The balance of the 
beam element is determined by Lagrange equation: 
qqq w
w w
ww
w FI UUT
dt
d
 .  (9) 
The (6-8) matrices depend on used shape functions (4) which can be of strict or approximate nature. The shape 
function  is defined strictly when their components satisfy the boundary conditions and corresponding differential 
equations considering the issue. If they satisfy only the boundary conditions, then we are dealing with approximation 
in the literal sense. 
3. Analysis 
3.1. Approximate analysis 
The finite element representation of the equations of motion is developed by substituting Eq. (5) to (9) 
  eeGee S QqKKqM   .  (10) 
After the assumption of harmonic variation in time     titie etet ZZ rqRQ  o  where Z is the circular vibration 
frequency, we can write Eq. (10) as 
  RrK  OV ,e ,   (11) 
where r is the vector of amplitudes of displacements, R is the vector of amplitudes of forces and  
  eeee S MKKK G 2, ZOV  ,  (12) 
is the dynamic stiffness matrix. Matrix (12) has been derived using physical shape functions [4] as 
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which include physical and geometric properties of element (these are combinations of the Hermite polynomials). 
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3.2. Strict analysis 
The dynamic equilibrium on the differential element of the beam is shown in Fig. 1c. Assuming a small curvature 
in the current configuration and applying the separation of variables to the functions  tw ,~ [  and  t,~ [M  according to     ,,~ tiewtw Z[[       tiet Z[M[M  ,~ , the differential equation of the motion of the harmonic amplitudes and the total 
rotation of the beam cross-section are obtained 
        0 42422   [OH[]OVH[ w ww IIIV  and          > @[]O[]V][M IIII ww
l
242 111  , (14) 
where 
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From the equations (14), substituting the appropriate boundary conditions, we obtain specific solutions, which are 
strict functions of shape matrix Nw and N\. Using the relations (3) equations we write down equations in the form of 
  042422   wIIwIVw  NNN OH]OVH  and    > @IwIIIwl NNN 242 11 ]O]VN]\  .  (15) 
The dynamic stiffness matrix of compressed rod taking into account the influence of non-dilatational strain is given 
by the formula 
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After using strict shape function (15) we can write matrix (16) in the explicit form  
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where: 
   
   
    > @  
   
            .11,11,
2
4
,
,sinsinh)(,sincoshcossinh)(
,coscosh)(,sinsinh1coscosh
,sinsinh)(,cossinhsincosh)(
,sinsinhcoscosh12
24322432
42242422
65
43
21
22
mmBppAmp
mBpABmApABFmpBmpABmApABF
mpBmApABFmpBpAmmpBmApABF
mApBBmApFmpBmpABmApF
mpBAmpAB
]O]V]]O]V]]OVHO]OVHH
'
   
  
  
  
 
B
After expanding the stiffness matrix (17) in a power series of the parameters V and O, the we write the function Fi as 
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and then the matrix (17) we write down in the form of 
  OVZZOV ,22, KMKKK G SS  .   (19) 
The last word KVO in the strict matrix (19) is a new qualitative matrix in which occurs the coupling of the non-
dimensional parameters V and O which describe the conservative axial force uniform along the length of the rod and 
vibration frequencies. This matrix does not exist in the approximate matrix (12) when the displacement field was 
approximated by the physical shape functions. 
4. Examples  
The application of the new matrix KVO in the finite element method is shown in the example of the simply supported 
beam loaded with the axial force on its ends. Frequencies of vibration depending on axial forces were determined. 
The calculations were carried out without (FEM) and with taking into account additional matrix (KVO). The obtained 
results for n.e.-elements (n.e.=1,2,3,4,5) have been compared to exact solution (analytical). A closed form solution 
for frequency of vibration for a simply supported beam taking into account axial forces (described by V and the 
influence effect of shear deformation (described by ]) is:  
 > @
422
2222222
1
1
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EI
k
kkk
k P]S
]SVSSZ 
 .  (20) 
In the first example the first three values of non-dimensional frequency parameter Ofor two values of axial force 
S=0.2 Scr  and S=0.9 Scr ) were determined (Tab. 1). Critical forces (Scr=V2EI/l2) have been received from the formula 
(20) taking into account Z Calculations have been made with the following data: the flexural rigidity of the beam 
EI=1, the length of the beam l=1 and the mass of the beam P=1. In the analysis three values of non-dilatational strain 
are taken into account:] (Bernoulli-Euler theory), ] and]  
Table 1. First three values of non-dimensional frequency parameter O  for simply supported beam. 
  S=0.2 Scr S=0.9 Scr 
  O1 O2 O3  O1 O2 O3 
 n.e. FEM KVO FEM KVO FEM KVO  FEM KVO FEM KVO FEM KVO 
]]=
0 1 3.28 3.27 7.07 7.06    2.52 2.36 6.84 6.63   
2 3.12 3.12 6.61 6.60 10.49 10.48  2.09 2.09 6.32 6.22 10.33 10.20 
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3 3.11 3.11 6.30 6.30 9.92 9.92  2.08 2.08 5.98 5.97 9.74 9.66 
4 3.11 3.11 6.28 6.28 9.50 9.50  2.08 2.08 5.95 5.95 9.30 9.28 
5 3.11 3.11 6.27 6.27 9.45 9.45  2.07 2.07 5.94 5.94 9.25 9.24 
analytical 3.11 6.27 9.41  2.07 5.94 9.21 
]]=
0.
03
7 
1 3.29 3.26 7.76 7.70    2.80 2.47 7.63 6.80   
2 2.92 2.92 6.61 6.57 9.99 9.94  2.03 1.99 6.41 5.80 9.85 9.10 
3 2.90 2.89 5.25 5.25 9.92 9.87  1.97 1.95 4.76 4.70 9.79 8.91 
4 2.89 2.89 5.15 5.14 7.03 7.02  1.95 1.94 4.64 4.61 6.53 6.48 
5 2.88 2.88 5.09 5.09 6.88 6.88  1.94 1.93 4.59 4.56 6.39 6.34 
analytical 2.88 4.99 6.53  1.92 4.48 6.03 
]]=
0.
1 
1 3.30 3.26 8.63 8.53    2.99 2.53 8.56 7.25   
2 2.69 2.68 6.61 6.55 9.44 9.36  1.88 1.84 6.48 5.56 9.31 8.38 
3 2.65 2.65 4.47 4.46 9.92 9.83  1.81 1.79 3.82 3.78 9.84 8.47 
4 2.64 2.64 4.35 4.35 5.74 5.74  1.78 1.77 3.71 3.68 5.01 4.98 
5 2.63 2.63 4.30 4.29 5.62 5.62  1.77 1.76 3.65 3.63 4.89 4.87 
analytical 2.62 4.19 5.29  1.75 3.54 4.58 
 
The calculations show that with increasing parameter ]the difference between the exact and approximate results 
increases. It means that the discrete model should be more complex with the increase of the parameter ]. The division 
into a greater number of elements is also necessary when the successive frequency of vibration needs determining. 
In a second example the first three values of frequency of vibration for real concrete beam were determined (Tab. 2). 
Calculations have been made with the following data: the Young module E=27 GPa, the rectangular cross-section with 
the width b=0.64 m and the height h=1.6 m, the length of the beam l=8 m, the mass of the beam P=2457.6 kg/m, the 
value of Poisson ratio X 0.2 and the value of axial force S=0.5 Scr. On the basis of adopted data the following were 
computed: I=0.2185 m4, A=1.024 m2, G 11.25 GPa, N 1.2 and ] 0.0096The critical force for analyzed beam is 
Scr=831 MN. The calculations were carried out without taking into account the effect of shear deformation (the 
Bernoulli-Euler theory) and with influences of shear deformation (the Timoshenko theory). In the first case frequencies 
of vibration were obtained assuming ]  (the effect of shear deformation was disregarded) and in the second case – 
] 0.0096This example shows that skipping, in the calculation of frequency of vibration the effect of shear 
deformation is wrong especially in determining the successive values of frequency. The results received in the 
Bernoulli-Euler theory are overstated in relation to Timoshenko theory. In the case of the first value relative error is 
9%, in the case of the second – 20% and in the case of the third – 39%. 
Table 2. First three values of frequency of vibration [rad/s] for S=0.5 Scr. 
  The Bernoulli-Euler theory  The Timoshenko theory  
  Z1 Z2 Z3  Z1 Z2 Z3 
 n.e. FEM KVO FEM KVO FEM KVO  FEM KVO FEM KVO FEM KVO 
1 209.5 194.5 1168.6 1127.0    209.5 194.3 1169.7 1127.3   
2 177.3 176.7 1009.6 989.9 2619.0 2581.0  177.1 176.5 1009.6 989.3 2618.8 2579.1 
3 176.4 176.2 911.3 909.1 2336.2 2315.5  176.1 176.0 909.2 906.8 2336.1 2314.0 
4 176.2 176.1 903.4 902.6 2135.0 2131.6  176.0 175.9 900.9 900.1 2125.4 2121.5 
5 176.1 176.1 901.1 900.8 2112.4 2110.8  175.9 175.8 898.4 898.0 2101.3 2099.4 
analytical 176.1 899.4 2094.9  161.5 747.0 1503.6 
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5. Conclusions 
According to the analysis we concluded that application of the new matrix KVO in the finite element method 
improves convergence of results. The influence of this matrix increases with the increase of the parameter describing 
influence of shear deformation ]  and with increasing value of axial forces but decreases with increasing number of 
elements n.e. Additionally, it is noted that with calculation of successive values of frequencies of vibration the 
influence of the new matrix is growing. 
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